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Abstract
Let R be a complete discrete valuation ring of mixed characteristic (0,p) with perfect residue field, K the
fraction field of R. Suppose G is a Barsotti–Tate group (p-divisible group) defined over K which acquires
good reduction over a finite extension K ′ of K . We prove that there exists a constant c  2 which depends
on the absolute ramification index e(K ′/Qp) and the height of G such that G has good reduction over K if
and only if G[pc] can be extended to a finite flat group scheme over R. For abelian varieties with potentially
good reduction, this result generalizes Grothendieck’s “p-adic Néron–Ogg–Shafarevich criterion” to finite
level. We use methods that can be generalized to study semi-stable p-adic Galois representations with
general Hodge–Tate weights, and in particular leads to a proof of a conjecture of Fontaine and gives a
constant c as above that is independent of the height of G.
© 2007 Elsevier Inc. All rights reserved.
MSC: primary 14F30, 14L05
Keywords: Potentially good reduction; Barsotti–Tate groups
Contents
1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
2. Elementary finite descent theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
2.1. Preliminary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159
2.2. “Weak” full faithfulness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
2.3. Criterion for effectiveness of descent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166
3. The deformation lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167
E-mail address: Tong.Liu@math.u-psud.fr.0022-314X/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2006.11.008
156 T. Liu / Journal of Number Theory 126 (2007) 155–1843.1. Deformations theory from Grothendieck and Drinfeld . . . . . . . . . . . . . . . . . . . . . . . . 168
3.2. Application to descent . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
4. Proof of the descent theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
4.1. Messing’s theory on deformations of Barsotti–Tate groups . . . . . . . . . . . . . . . . . . . . . 171
4.2. Proof of Theorem 1.0.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173
5. Extensions of generic fibers for finite flat group schemes . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
5.1. Proof of the Main Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
5.2. Dimension of truncated Barsotti–Tate groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
5.3. Proof of Proposition 1.0.6 and Theorem 1.0.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180
6. Application to abelian varieties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183
6.1. Proof of Theorem 1.0.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 183
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 184
1. Introduction
Let R be a complete discrete valuation ring of mixed characteristic (0,p), K the fraction field,
m the maximal ideal of R, k = R/m the residue field and A an abelian variety defined over K .
We say A has good reduction if there exists an abelian scheme A over R such that A ⊗R K  A.
We say A has potentially good reduction if there exists a finite extension K ′/K and an abelian
scheme A ′ over R′ such that A ′ ⊗R′ K ′  A⊗K K ′. Let I be the inertia subgroup of Gal(K/K)
and l = p be any prime. Using the criterion of Néron–Ogg–Shafarevich [16], it is not difficult to
prove that if A has potentially good reduction then A has good reduction if and only if the action
of I on A[lc] is trivial, where c = 1 for l = 2 and c = 2 for l = 2.
When l = p, the problem is more subtle. For example, the relevant finite flat group schemes
are not étale, and thus may not be determined by their generic fiber as in the case l = p. Work
of Grothendieck [10] and Raynaud [15] proves that A has good reduction if and only if for
all n, A[pn] can be extended to a finite flat group scheme over R. In particular, the property
of good reduction (and hence potentially good reduction) is encoded in the Barsotti–Tate group
G = lim−→A[pn] (also known as the p-divisible group associated to A). This fact is implicit in the
work of Wiles and others on modularity of certain Galois representations of weight 2 [4,19]. In
what follows, we fix l = p and study potentially good reduction for Barsotti–Tate groups.
Let K ′ be a finite extension of K , R′ the ring of integers of K ′. Suppose a Barsotti–Tate
group G with height h defined over K has good reduction over K ′ in the sense that there exists
a Barsotti–Tate group G′ over R′ such that G′ ⊗R′ K ′  G ⊗K K ′. By §2, [15], G has good
reduction over K if only if G[pn] can be extended to a finite flat group scheme over R for all n.
The following question was raised by N. Katz:
For G as above with height h and good reduction over K ′, does there exist a constant c =
c(K ′,K,h) such that G has good reduction over K if and only if G[pc] can be extended to
a finite flat group scheme over R? If so, how does c depend on the arithmetic of K ′/K , and
how does it depend on the height h?
The general case is easily reduced to the case when K ′/K is totally ramified. Let e be the
absolute ramification index of K ′/Qp . In the case e < p − 1, B. Conrad solved this question
in [6]. He proved that if G[p] can be extended to a finite flat group scheme, then G has good
reduction. That is, when e < p − 1, c can be taken to be 1 for all h. His idea was to compute
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p−1, there is no Honda system available. Although the theory of Breuil modules [3] is available
in this case (at least for p > 2), its behavior under base change is very complicated due to the
dependence of theory on the choice of uniformizer, so it is hard to apply Breuil’s theory for this
question (especially when p | e).
We use Messing’s deformation theory [14] to attack this question and get the following result:
Theorem 1.0.1 (Main Theorem). Assume that k is perfect. Suppose G is a Barsotti–Tate group
over K that acquires good reduction over a finite extension K ′. There exists a constant c  2
which depends on e = e(K ′/Qp) and the height of G such that G has good reduction over R if
and only if G[pc] can be extended to a finite flat group scheme over R.
As we will explain in Remark 1.0.7, a refinement of the methods of this paper allows us to
take c to be independent of the height of G (though in practice one usually studies G’s with a
fixed, or at least bounded, height). Applying this result to the case of abelian varieties and using
the precise form of the semi-stable reduction theorem for abelian varieties (i.e., bounding the
degree of the extension over which semi-stable reduction is attained), we get:
Theorem 1.0.2. Assume that k is perfect. Suppose A is an abelian variety over K with potentially
good reduction. There exists a constant c′  2 depending on e(K/Qp) and dimA such that A
has good reduction over K if and only if A[pc′ ] can be extended to a finite flat group scheme
over R.
We may and do assume R′/R is totally ramified and generically Galois. Let Γ = Gal(K ′/K)
and G′ = G ⊗K K ′. Since G′ has good reduction over K ′, there exists a Barsotti–Tate group G′
over R′ such that G′ ⊗R′ K ′  G′. Using the K-descent G of G′, clearly G′ has natural descent
data φσ , where φσ : σ ∗(G′)  G′ is a collection of K ′-automorphisms satisfying the cocycle
condition. By Tate’s Theorem [18], the descent data on the generic fiber will uniquely extend
over R′. That is, we get isomorphisms φ˜σ : σ ∗(G′)  G′ over R′ satisfying the cocycle condition,
but this is not fppf descent data with respect to R → R′ when R → R′ is not étale. It is obvious
that G has good reduction if and only if there exists a Barsotti–Tate group G over R and an
R′-isomorphism G ⊗R R′  G′ compatible with the Galois action (using φ˜σ ’s on G′). In general,
given a finite Galois group Γ , we call a pair (G′, φ˜σ ) a Γ -descent datum where G′ is a finite
flat group scheme (a Barsotti–Tate group) over R′ and φ˜σ : σ ∗(G′)  G′ are R′-isomorphisms
satisfying the cocycle condition. We say a Γ -descent datum (G′, φ˜σ ) has an effective descent if
there exists a finite flat group scheme (a Barsotti–Tate group) G over R and an R′-isomorphism
G ⊗R R′  G′ compatible with the Galois action (using φ˜σ ’s on G′, see Section 2 for more
details). Using deformation theory of Barsotti–Tate groups, Section 2 to Section 4 will prove the
following:
Theorem 1.0.3 (Descent Theorem). The data (G′, φ˜σ ) has an effective descent to a Barsotti–Tate
group over R if and only if (G′[pc0], φ˜σ ) has an effective descent to a finite flat group scheme
over R, where c0  1 only depends on e.
Remark 1.0.4. We will prove the same theorem in the equi-characteristic case. In such a case, the
constant c0 depends on the relative discriminant ΔK ′/K and the height of G. We do not optimize
the constant c0, so there is still room to improve.
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following: In Section 2, we develop an ad hoc finite Galois descent theory on torsion level (e.g.,
R/mn-level). Using such language, G has good reduction over K if and only if for each n 1,
the Γ -descent datum (G′n, φ˜σ,n) has an effective descent to Gn over R/mn and compatible with
base change R′/mn+1 → R′/mn, where G′n = G′ ⊗R′ R′/mn and φ˜σ,n = φ˜σ ⊗R′ R′/mn. Since
R′ is totally ramified over R, we see that if such Gn does exist, Gn and G′n must has same closed
fiber G0. Thus, Gn can be seen as some “correct” deformations of G0. Luckily, Messing’s theory
provides some crystals to precisely describe deformations of Barsotti–Tate groups. So the proof
of Theorem 1.0.3 can be reduced to the effectiveness of descending a short exact sequence of
finite free R′-modules with semi-linear Γ -actions coming from G′:
0 → M ′1 → M ′2 → M ′3 → 0.
In general, unlike the ordinary Galois descent theory, the effective descent of such sequence
does not necessarily exist. But work of Section 2 will prove that such effective descent does
exist if for each i = 1,2,3, M ′i ⊗R′ R′/md has an effective descent to an R/md -module Mi
for some constant d  1 which depends only on e in the mixed characteristic case and depends
only on ΔK ′/K and the height of G in the equi-characteristic case. Finally, in Section 3, we
use deformation theories from Grothendieck and Drinfeld to show that the effective descents of
M ′i ⊗R′ R′/md does exist by proving that G′d has an effective descent to Gd under the hypothesis
that G′[pc0] has an effective descent. Then Theorem 1.0.3 follows.
Note that Theorem 1.0.3 does not immediately prove Theorem 1.1. In fact, although G[pc0]
can be extended to a finite flat group scheme Gc0 over R, Gc0 is not necessarily an effective
descent of G′[pc0] because the extensions of a finite K-group to a finite flat R-group scheme
are not necessarily unique. Hence, in Section 5, we generalize Tate’s isogeny theorem [18] and
Raynaud’s result §3, [15] to finite level:
Theorem 1.0.5. Let G be a truncated Barsotti–Tate group over R of level n, H a finite flat group
scheme over R and fK :GK →HK a K-group scheme morphism. Then there exists a constant
c1  2 depending on the absolute ramification index e(K/Qp) and the height of GK such that for
all n c1 there exists an R-group scheme morphism F :G →H satisfying F ⊗R K = pc1 ◦ fK .
Proposition 1.0.6. Let G be a finite flat group scheme over R whose generic fiber GK is a trun-
cated Barsotti–Tate group of level n. There exists a constant c2  2 depending on e and the
height of GK such that if n c2 then there exists a truncated Barsotti–Tate group G′ over R of
level n− c2 and R-group scheme morphisms g :G → G′ and g′ :G′ → G satisfying
(1) g′K = g′ ⊗R K factors though GK [pc2] and g′K :G′K → GK [pc2] is an isomorphism,
(2) (g ◦ g′)⊗R K = pc2 .
Combining Theorem 1.0.5 and Proposition 1.0.6, in the beginning of Section 5, we will see
that c = c0 + c1 + c2, and if G[pc] can extend a finite flat group scheme Gc then there exits a
subgroup scheme Gc0 of Gc such that Gc0 provides an effective descent of G′[pc0], hence prove
the Main Theorem.
Remark 1.0.7. Using the classification of finite flat group schemes over R in §2.3, [12], we can
prove that c1 and c2, hence c can be chosen to depend only on the absolute ramification index
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general setting for ϕ-modules of finite height in the sense of Fontaine [8]. These results will play
a central technical role in our proof of a conjecture of Fontaine [9] concerning that the semi-
stability for p-adic Galois representations is preserved under suitable inverse limit processes,
subject to a natural boundedness hypotheses on the Hodge–Tate weights. The methods of this
paper may be viewed as a simpler version of the methods we develop in [13] where we prove
Fontaine’s conjecture.
When writing of this paper was nearly complete, Bondarko posted his preprint [2] on the
arxiv, where he gave a new classification of finite flat group schemes over R and obtained
a similar result (cf. Theorem 4.3.2) as our main result, Theorem 1.0.1 above. We first remark
that the hypotheses in our Main Theorem are weaker than that of Theorem 4.3.2 in Bondarko’s
preprint [2]. One of his hypotheses requires the finite flat group scheme which extends the given
generic fiber has to have the correct “tangent space.” But our hypothesis does not have such
a restriction on such finite flat group schemes. Also here we use a totally different method.
Bondarko’s theory mainly depends on the theory of Cartier modules that gives a classification of
formal groups. His method works without a perfectness hypothesis on the residue field and gives
slightly better constants (cf. Theorem 4.1.2). But our approach by deformation theory can be
adapted to apply to rather general semi-stable p-adic Galois representations without restricting
to crystalline representations with Hodge–Tate weights in {0,1} (see [3]). In contrast, Bondarko’s
method of formal groups seems difficult to apply to such a wider class of representations. To be
more precise, the problem we solve in this paper is a special case of the following more general
question:
Let T be a Gal(K/K)-stable Zp-lattice in a potentially semi-stable p-adic Galois represen-
tation V . Does there exist a constant c such that if T/pcT is torsion semi-stable then V is
semi-stable? If so, how does c depend on the arithmetic of K and V ?
Using the machinery provided by [12], the author has made some progress on this question
by modifying the method in this paper. Also an extended version of Theorem 1.0.5 and Proposi-
tion 1.0.6 is used in our proof of a conjecture of Fontaine [13], as explained in Remark 1.0.7.
Convention 1.0.8. From Section 2 to Section 4, we only assume R is a complete discrete val-
uation ring with perfect residue field k with char(k) = p > 0, and we select a uniformizer π
(respectively π ′) in the maximal ideal m (respectively m′). In particular, we do not assume that
the fraction field K of R has characteristic 0. We fixed a finite Galois extension K ′/K with
Galois group Γ . We have to consider torsion modules such as M/πnM . In order to simplify
the notation, we write M/πn to denote M/πnM . We use “Id” to denote the identity map (of
modules, schemes, etc.). If M is an R′-module equipped with semi-linear action of Γ , then MΓ
denotes the R-submodule of Γ -invariant elements.
2. Elementary finite descent theory
2.1. Preliminary
We will first set up an ad hoc “descent theory” from R′ to R using Γ -actions. We will see
that for “descent data” on a finite free R′-module, the obstruction to effective descent can be
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of K ′/K .
Definition 2.1.1. Let M ′, N ′ be R′-modules. Fix σ ∈ Γ . A σ -semi-linear homomorphism
φσ :M
′ → N ′ is an R-linear homomorphism such that for all x ∈ R′ and for all m ∈ M ′,
φσ (xm) = σ(x)φ(m). An R′-semi-linear homomorphism from M ′ to N ′ is a collection (φσ )σ∈Γ
where each φσ is σ -semi-linear and φστ = φσ ◦ φτ for all σ, τ ∈ Γ .
It is obvious that the set of all R′-semi-linear automorphisms of M ′ forms a group, denoted
by AutΓ (M ′).
Definition 2.1.2. A Γ -descent module structure on an R′-module M ′ is a pair (M ′, φ), where
φ : Γ → AutΓ (M ′) gives an R′-semi-linear action of Γ on M ′.
Let (M ′, φσ ), (N ′,ψσ ) be two Γ -descent modules. A morphism f : (M ′, φσ ) → (N ′,ψσ ) is a
R′-linear morphism f :M ′ → N ′ such that for all σ ∈ Γ , f ◦ φσ = ψσ ◦ f . That is, a morphism
is just an R′-module morphism compatible with the Γ -actions. Most of time we use terminology
“Galois-equivariantly” instead of “morphism of Γ -descent modules.”
Example 2.1.3. Let M be an R-module, so M ′ = M⊗RR′ has a natural Γ -descent datum φσ that
comes from the Galois action of Γ on R′. We always omit φσ when we mention the canonical
Γ -descent module (M ⊗R R′, φσ ).
Definition 2.1.4. A Γ -descent module (M ′, φσ ) has an effective descent if there exists an
R-module M such that M ⊗R R′ is isomorphic to (M ′, φσ ) as Γ -descent modules, or equiv-
alently, if there is a R′-isomorphism i : M ⊗R R′  M ′ such that i is Galois equivariant.
Similarly, we can define exact sequences of Γ -descent modules and effective descent for such
exact sequences. Also we can generalize such descent language to the setting of schemes. For
example, we can define Γ -descent data of an affine scheme (affine group scheme) over R′ by
defining Γ -descent data of its coordinate ring (Hopf algebra). Similar definitions apply to the
notion of effective descent of an affine scheme (affine group scheme) over R′. More precisely, let
X′ = Spec(A′) where A′ is an R′-algebra. It is easy to see that a Γ -descent data structure on A′
is equivalent to a collection of R′-isomorphisms Φσ : σ ∗(X′)  X′ satisfying cocycle conditions
Φστ = Φσσ ∗(Φτ ) for all σ, τ ∈ Γ . Thus we also call such a pair (X′,Φσ ) a Γ -descent datum.
Let (X′′,Φ ′σ ) be another Γ -descent datum. A morphism between Γ -descent data f : (X′,Φσ ) →
(X′′,Φ ′σ ) is morphism of R′-schemes such that the following diagram commutes for all σ ∈ Γ :
σ ∗(X′)
Φσ 

σ ∗(f )
σ ∗(X′′)
Φ ′σ

X′
f
X′′.
(2.1.1)
Similarly, we define f to be an isomorphism of Γ -descent data if f is an isomorphism of
underlying R′-schemes. The inverse is obviously a morphism of Γ -descent data.
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on X ⊗R R′ coming from the canonical Γ -descent algebra A⊗R R′.
We say that a Γ -descent datum (X′,Φσ ) has an effective descent if there exists an R-scheme
X such that (X ⊗R R′, ισ ) is isomorphic to (X′,Φσ ) as Γ -descent data. In the affine case, it is
equivalent to say that the coordinate ring of X′ has an effective descent as a Γ -descent algebra.
Example 2.1.6. As in Section 1, let G be a Barsotti–Tate group over K which acquire good
reduction over K ′ in the sense that there exists an Barsotti–Tate group G′. By Tate’s Theorem [18]
(De Jong’s Theorem [7] in the equi-characteristic case), we have a Γ -descent datum (G′, φ˜σ )
coming from the generic fiber G⊗K K ′. Furthermore, G has good reduction over K if and only
if (G′, φ˜σ ) has an effective descent and Theorem 1.0.3 claims that such effective descent does
exist if and only if (G[pc0], φ˜σ ) has one for some constant c0.
Let (X′,Φσ ) and (X′′,Φ ′σ ) be Γ -descent data and f :X′
∼−→ X′′ an isomorphism of R′-
schemes. The following easy lemma will be very useful to check if f is an isomorphism of
Γ -descent data.
Lemma 2.1.7. Using notations as above, for all σ ∈ Γ , define
fσ : X′ ∼
Φ−1σ
σ ∗(X′)
σ ∗(f )
σ ∗(X′′)
Φ ′σ
∼ X
′′.
Then f is an isomorphism of Γ -descent data if and only if f−1 ◦ fσ = Id for all σ ∈ Γ .
Proof. From the diagram (2.1.1), this is clear. 
2.2. “Weak” full faithfulness
Define a functor from the category of R-modules to the category of Γ -descent modules
over R′:
F :M −→ (M ⊗R R′, φσ )
as in Example 2.1.3. Unlike ordinary descent theory (e.g., fppf descent theory), the functor F is
neither full nor faithful.
Example 2.2.1. Let I ′ ⊂ R′ be an ideal not arising from R. The Γ -action on R′ preserves I ′, and
I := I ′Γ is a nonzero principal ideal of R, but the map I ⊗R R′ ↪→ I ′ is not surjective. That is,
I ′ with its evident Γ -descent datum does not have an effective descent.
Example 2.2.2. If (M ′, φσ ) is a Γ -descent module, then M ′ = M ′/πnM ′ has a canonical descent
datum (M ′, φ¯σ ). We still use φσ to denote the semi-linear Galois action on M ′. Similarly, if
(X,Φσ ) is a Γ -descent data, we have natural Γ -descent data Φσ ⊗R R/πn on X ⊗R R/πn.
Example 2.2.3. Let M ′ = R′/πn. There is a natural descent datum φσ on M ′ from the Galois
action of Γ on R′. We see that R/πn → (R′/πn)Γ is injective. However in general, the equality
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e(K ′/K)). Select an α ∈ (R′/πn)Γ − R/πn such that R′/πn = (R′/πn) · α. Let M1 = R/πn
and M2 = (R/πn) · α, so M1 and M2 are two effective descents of (M ′, φσ ). Note that the
identity Id : M ′ → M ′ is a morphism between these two descent data on M ′, but there does not
exist a morphism f :M1 → M2 such that f ⊗R R′ = Id.
As we have seen above, the functor F is not a fully faithful functor. However, we will show
F actually has “weak” full faithfulness in the following sense.
Proposition 2.2.4. Let f : (M ′1, φ1) → (M ′2, φ2) be a morphism of Γ -descent modules with M ′1,
M ′2 finite free R′/πn-modules. Suppose M1, M2 are effective descents for M ′1, M ′2 respectively.
Then M1 and M2 are finite free R/πn-modules. Furthermore, there exists a constant r depending
on R′ and R such that for all n  r the morphism πrf has a unique effective descent to a
morphism fˆ :M1 → M2.
In Lemma 2.2.9 below, we will see how the constant r depends on the arithmetic of R′ and R.
Corollary 2.2.5. If f in Proposition 2.2.4 is an isomorphism, then the natural map f¯ :
M1/πn−r → M2/πn−r induced by fˆ is an isomorphism.
Corollary 2.2.6. With notations as above, if M ′1 is a finite free R′-module then the effective
descent of (M1, φ1) is unique up to the unique isomorphism if it exists. Moreover, the formation
of such descent (when it exists) is uniquely effective on the level of morphisms.
Remark 2.2.7. Of course, Corollary 2.2.6 is obvious from considering M ′1 ⊗R′ K ′ over K ′.
However for our purposes what matters is that such an effective descent can be studied using the
effective descent at torsion level.
Let S′ : 0 → (M ′1, φ1) → (M ′2, φ2) → (M ′3, φ3) → 0 be an exact sequence of Γ -descent mod-
ules. Recall that we say that S′ has an effective descent if there exists an exact sequence of
R-modules S : 0 → M1 → M2 → M3 → 0 such that the following diagram commutes.
0 M ′1 M ′2 M
′
3 0
0 M1 ⊗R R′
f1 

M2 ⊗R R′

f2
M3 ⊗R R′
f3 

0
where fi is a Galois-equivariant isomorphism for i = 1,2,3. Using Corollary 2.2.6, we get:
Corollary 2.2.8. Suppose M ′i is a finite free R′-module for each i = 1,2,3. Then S′ has an
effective descent if and only if (M ′i , φi) has an effective descent for i = 1,2,3.
Before proving Proposition 2.2.4, we need a lemma to bound Galois cohomology and pre-
cisely describe the constant r in Proposition 2.2.4. Let ΔK ′/K be the discriminant of R′/R, r0 the
p-index of Γ (that is pr0 ‖ #(Γ )). We normalize the valuation v(·) on R′ by putting v(π) = 1,
so v(K ′×) = e(K ′/K)−1 · Z where e(K ′/K) is the relative ramification index. Finally, we put
r = v(ΔK ′/K) in the equi-characteristic case and r = r0v(p) in the mixed characteristic case.
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The element πr kills H1(Γ,M ′) in the mixed characteristic case. In the equi-characteristic case,
H1(Γ,M ′) = 0 if r0 = 0 and πm(r+1) kills H1(Γ,M ′) if r0 > 0.
Proof. By Hilbert’s Theorem 90, H1(Γ,M ′ ⊗R′ K ′) = 0. Thus, there exists a positive integer
r˜  0 such that πr˜ kills the finite R-module H1(Γ,M ′). Hence, in both cases (equi-characteristic
and mixed characteristic) there exists some rˆ  1 such that prˆ kills H1(Γ,M ′). On the other
hand, note that #(Γ ) (the order of Γ ) also kills H1(Γ,M ′). Thus, in the mixed characteristic
case, pr0 ∈ (π)rR× kills H1(Γ,M ′).
Now let us deal with the equi-characteristic case, which needs a much more complicated
argument. We begin by treating the case M ′ = R′. First let us reduce the problem to the case that
Γ is cyclic with order p.
Note that if #(Γ ) is prime to p, since p also kills H1(Γ,R′) we have H1(Γ,R′) = 0. On the
other hand, since Γ is solvable, by the inflation-restriction exact sequence
0 H1
(
Γ/Γ ′,R′Γ
′) Inf
H1(Γ,R′)
Res
H1(Γ ′,R′), (2.2.1)
where Γ ′ is the wild inertia subgroup of Γ , we reduce the problem to the case that the order of Γ
is a power of p.
Now we can assume Γ ′ and Γ in (2.2.1) are of p-power order and we assume that the lemma
is proven for cyclic groups of order p. We assume by induction on #(Γ ) that it is settled for
smaller p-power order and we take Γ ′  Γ a nontrivial normal subgroup. Let K1 be the fraction
field of R′Γ ′ and π1 a uniformizor R′Γ
′
. By induction, πv(ΔK1/K) kills H1(Γ/Γ ′,R′Γ
′
) and
π
v1(ΔK ′/K1 )
1 kills H
1(Γ ′,R′), where v1 is the valuation on R′ by putting v1(π1) = 1. By the
transitivity formula for discriminants,
πv(ΔK1/K) · NK1/K
(
π
v1(ΔK ′/K1 )
1
)= uπv(ΔK ′/K)
where u is a unit in R′. This product kills H1(Γ,R′). Thus, it remains to prove that πv(ΔK ′/K)
kills H1(Γ,R′) when Γ is cyclic order p.
Now suppose that Γ is cyclic with order p. Let ϕ be a cocycle in H1(Γ,R′) and σ a generator
of Γ . Since H1(Γ,K ′) = 0, we have ϕ(σ) = σ(x/πn) − x/πn for an x ∈ R′ and some n  0.
Write x =∑p−1i=0 xi(π ′)i , where xi ∈ R for i = 0, . . . , p−1. Then ϕ(σ) = 1πn ∑p−1i=1 xi(σ (π ′)i −
(π ′)i). Note that ϕ(σ) ∈ R′, so we have
p−1∑
i=1
xi
(
σ(π ′)i − (π ′)i)≡ 0 mod πn. (2.2.2)
Recall that r = v(ΔK ′/K) by definition. Now it suffices to prove that if n > r then xi ≡ 0
mod πn−r for all i = 1, . . . , p − 1.
Since Γ is wild inertia, there exists a τ ∈ Γ with τ = Id such that
τ(π ′)− π ′ ≡ 0 mod (π ′)2.
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(
p−1∑
i=1
xi
(
τ(π ′)i − π ′i
τ (π ′)− π ′
))(
τ(π ′)− π ′)≡ 0 mod πn.
Since v(τ(π ′)− π ′) v(ΔK ′/K) = r ,
p−1∑
i=1
xi
(
τ(π ′)i − π ′i
τ (π ′)− π ′
)
≡ 0 mod πn−r . (2.2.3)
To prove that xi ≡ 0 mod πn−r , i = 1, . . . , p − 1, it suffices (by induction on n > r) to prove
that π | xi for all i = 1, . . . , p − 1. First from (2.2.3), we see that π ′ | x1, so π | x1. Suppose j
is the minimal such that π  xj , or equivalently π ′  xj . We prove that this is impossible by the
following claim:
Claim:
v
(
τ(π ′)i − π ′i
τ (π ′)− π ′
)
= i − 1
p
, i = 1, . . . , p − 1.
Assuming the claim is true for a moment, we have
v
(
p−1∑
i=1
xi
(
τ(π ′)i − π ′i
τ (π ′)− π ′
))
= v
(
xj
(
τ(π ′)j − π ′j
τ (π ′)− π ′
))
= j − 1
p
< 1.
From (2.2.3), we see this is impossible.
Finally, let us compute v( τ(π
′)i−π ′i
τ (π ′)−π ′ ) to prove the claim. By the binomial expansion,
τ(π ′)i − π ′i = (π ′ + (τ(π ′)− π ′))i − π ′i = i∑
m=1
(
i
m
)
(π ′)i−m
(
τ(π ′)− π ′)m.
Since v(τ(π ′)− π ′) v(π ′)2, we have v( τ(π ′)i−π ′i
τ (π ′)−π ′ ) = v(iπ ′i−1) = i−1p . This proves the claim.
Now let us treat the general case for M ′ a finite free R′-module rank m. The case r0 = 0 is
clear since #(Γ ) ∈ R× in such case. Now consider the case r0 > 0. Let us first reduce the problem
to the case that M ′ is free R′-rank 1. In fact, we have Galois descent data on M ′ ⊗R′ K ′ from φσ .
By ordinary Galois descent, M ′ ⊗R′ K ′ has an effective descent. Thus we can find a nonzero
α ∈ M ′ such that φσ (α) = α. Let M ′1 be the saturation of R′ · α ⊂ M ′; that is, M ′1 is the smallest
submodule of M ′ containing R′ ·α such that M ′/M ′1 is a free R′-module. It is easy to see that M ′1
is a Galois-stable submodule of M ′. Thus, we have an exact sequence of a Γ -descent modules,
0 → M ′1 → M ′ → M ′/M ′1 → 0,
where M ′/M ′1 is a finite free Γ -descent module with R′-rank m− 1. By induction on m, it now
suffices to prove the lemma for the case when M ′ is free R′-module with rank 1.
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structure on M ′ is determined by the 1-cocycle σ → φσ (α)/α ∈ R′×. By Hilbert’s Theorem 90,
we see there exists an x ∈ K ′× such that σ(x)/x = φσ (α)/α for all σ ∈ Γ . After multiplying
some power of π , we can assume 0  v(x) < 1. Define an R′-module morphism fx :M ′ →
R′ · x ⊂ R′ by α → x. Since σ(x)/x = φσ (α)/α, we see that fx is Galois-equivariant. From the
short exact sequence
0 −→ M ′ fx−→R′ −→ R′/fx(M ′) −→ 0,
we get a short exact sequence (R′/fx(M ′))Γ → H1(Γ,M ′) → H1(Γ,R′). Note that fx(M ′) =
xR′ and 0 v(x) < 1, so π kills (R′/fx(M ′))Γ . As we have seen above, πr kills H1(Γ,R′), so
πr+1 kills H1(Γ,M ′). 
Remark 2.2.10. Of course, the above proof for the equi-characteristic case also works for the
mixed-characteristic case. Unfortunately, v(ΔK ′/K) is always larger than v(p)r0 in this case, so
we use v(p)r0 instead of v(ΔK ′/K). This suggests that there may still be room to improve the
constant r .
Proof of Proposition 2.2.4. Since R′/πn is faithfully flat over R/πn and M ′i is a finite free
R′/πn-module, Mi is a finite flat (hence free) R/πn-module.
Now consider the following commutative diagram:
M1
i
(M ′1)Γ
prΓ1
f Γ
(M ′2)Γ
prΓ2
(M ′1)Γ
f Γ
(M ′2)Γ
where prΓ1 , pr
Γ
2 are induced by the morphism π
r and i is the natural embedding. Since M ′i is
a finite free R′/πn-module, the morphism f Γ ◦ prΓ1 ◦ i is an effective descent of πrf by the
following lemma. The uniqueness of this descent is clear because R′/πn is flat over R/πn. 
Lemma 2.2.11. Let prΓ : (R′/πn)Γ → (R′/πn)Γ be the morphism induced by πr . The image
of prΓ is πrR/πn.
Proof. Consider the following commutative diagram of exact sequences:
0 R′Γ
πn
πr
R′Γ
Id
(R′/πnR′)Γ
h
H1(Γ,R′)[πn]
πr
0
0 R′Γ
πn−r
R′Γ
j
(R′/πn−rR′)Γ H1(Γ,R′)[πn−r ] 0
where H1(Γ,R′)[πn] is the kernel of πn on H1(Γ,R′) and h is induced by the canonical reduc-
tion map. We need to show h has image R/πn−r = Im(j). By Lemma 2.2.9, πr kills H1(Γ,R′),
so Im(prΓ ) = Im(j) = (R′Γ )/πn−r = R/πn−r . 
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case and equi-characteristic case in the same relative setting. More precisely, in the mixed char-
acteristic case we can only state and prove results for “pn-torsion” instead of “πn-torsion” as in
the equi-characteristic case, although the results and ideas of proofs are almost the same if we
replace “p” by “π .” To save space, we will state the results in mixed characteristic case and use
“(respectively)” to indicate the respective results in equi-characteristic.
2.3. Criterion for effectiveness of descent
Now we will show that for a given Galois group, the effectiveness of a finite free Γ -descent
R′-module (M ′, φσ ) will be determined by working at a large torsion level determined by R′
and R. Recall that r0 denotes the p-index of Γ (i.e., pr0 ‖ #(Γ )). Let d = Max(1,2r0) in the
mixed characteristic case. In the equi-characteristic case, let d = 1 if r0 = 0 and d = 2m(r + 1)
if r0  1, where m is the R′-rank of M ′.
Proposition 2.3.1. Let (M ′, φσ ) be a Γ -descent module with M ′ a finite free R′-module
of rank m. Then (M ′, φσ ) has an effective descent if and only if (M ′/pd,φσ ) (respectively
(M ′/πd,φσ )) has an effective descent to an R/pd -(respectively R/πd -)module (necessarily fi-
nite and free).
Proof. The “only if” direction is trivial. For the converse, let us first prove the proposition in the
mixed characteristic case. First consider the case d = 2r0. Note r0 = r/v(p) in this case, so pr0
kills H1(Γ,M ′) by Lemma 2.2.9. Consider following diagram:
0 M ′
pr0
M ′ M ′/pr0 0
0 M ′Γ
pr0
M ′Γ
α
(M ′/pr0)Γ
β
H1(Γ,M ′)[pr0 ] 0
(2.3.1)
where H1(Γ,M ′)[pr0] is the kernel of pr0 . Let M = M ′Γ and let Im(α) denote the image of
map α. By Galois descent theory for K ′/K , M is a finite free R-module with the same rank as
that of M ′ over R′. Obviously, α(M)  M/pr0M .
We now claim that Im(α) is an effective descent of M ′/pr0 ; that is, the natural Γ -equivariant
map α(M)⊗R R′ → M ′/pr0 is an isomorphism.
To prove this claim, let us consider the following commutative diagram:
0 M ′
p2r0
pr0
M ′
Id
M ′/p2r0M ′
i
0
0 M ′
pr0
M ′ M ′/pr0M ′ 0.
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0 M
p2r0
pr0
M
Id
(M ′/p2r0M ′)Γ
iΓ
H1(Γ,M ′)[p2r0]
pr0
0
0 M
pr0
M
α
(M ′/pr0M ′)Γ
β
H1(Γ,M ′)[pr0] 0.
Since pr0 kills H1(Γ,M ′), the right square of the above diagram implies Im(iΓ ) ⊆ Ker(β)
and the middle square gives us Im(α) ⊆ Im(iΓ ). By the exactness of α and β , we have Im(α) =
Ker(β). Thus Im(α) = Im(iΓ ).
By hypothesis, since 2r0 = d , M ′/p2r0M ′ has an effective descent to an R′/p2r0 -module
which is necessarily flat. Hence, M ′/p2r0M ′ is spanned by (M ′/p2r0M ′)Γ over R′. Thus,
M ′/pr0M ′ is spanned over R′ by the image of (M ′/p2r0M ′)Γ in (M ′/pr0M ′)Γ , hence by
Im(α)  M/pr0M . Thus, the natural map α(M) ⊗R R′ → M ′/pr0M ′ is surjective. Both sides
are finite free R′/pr0 -modules with the same R′/pr0 -rank, so this natural map is an isomorphism.
This completes the proof that α(M) is an effective descent of M ′/pr0M ′.
Now let us consider the following diagram
0 M ′
pr0
M ′ M ′/pr0M ′ 0
0 M ⊗R R′
pr0
M ⊗R R′
h
(M/pr0M)⊗R R′
g
0
where M = M ′Γ and h,g are the natural maps. We have proved that the natural map g is an
isomorphism, so by Nakayama’s lemma h is surjective. Since M is a finite free R-module with
R-rank equal to the R′-rank of M ′, h must be an isomorphism. This settles the proof when
d = 2r0 in the mixed characteristic case.
In the mixed characteristic case with d = 1, since H1(Γ,M ′) = 0 the usual projection argu-
ment shows that M/p  (M ′/p)Γ . The hypothesis on M ′/p having an effective descent implies
that (M ′/p)Γ ⊗R/p R′/p → M ′/p is surjective, so R′ ⊗R M → M ′ induces a surjective map
modulo p and hence is surjective. This surjection must be an isomorphism for freeness reason,
as above.
Using Lemma 2.2.9, the proof for the equi-characteristic case is the same as above if we
replace p by π and r0 by m(r + 1) everywhere. 
3. The deformation lemma
We will use results of Grothendieck and Drinfeld to show that under the hypothesis of the The-
orem 1.0.3, the effective descent for (G′, φ˜σ ) does exist at some R/πn-level (see Theorem 3.2.1
below). First we need to recall several facts concerning deformations of truncated Barsotti–Tate
groups.
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Recall that a truncated Barsotti–Tate group of level N  2 with height h over a scheme S is an
inductive system (Gn, in)0nN of finite locally free commutative S-group schemes and closed
immersions in :Gn → Gn+1 such that
(1) |Gn| = pnh,
(2) in identifies Gn with Gn+1[pn] for 0 n <N .
A truncated Barsotti–Tate group of level 1 with height h is finite locally free S-group scheme
killed by p with order ph such that the sequence
G0
F
G
(p)
0
V
G0
is exact over Spec(OS/pOS), where F is the relative “Frobenius” and V is “Verschiebung” and
G0 = G×S Spec(OS/pOS).
Now let us recall a result of Grothendieck on truncated Barsotti–Tate groups.
Theorem 3.1.1 (Grothendieck). Let i :S → S′ be a nilimmersion of schemes and G a truncated
Barsotti–Tate group over S of level n 1. Suppose S′ is affine.
(1) There exists a truncated Barsotti–Tate group G′n over S′ of level n such that G′n is a defor-
mation of Gn.
(2) If S is complete local noetherian ring with perfect residue field of characteristic p, then there
exists a Barsotti–Tate group H such that G = H [pn].
(3) If there exists a Barsotti–Tate group H over S such that G = H [pn], then for any defor-
mation of G′ of G over S′, there exists a Barsotti–Tate group H ′ over S′ such that H ′ is a
deformation of H and G′  H [pn] (as a deformation of G).
Proof. See [17, pp. 171–178]. 
We next review Drinfeld’s results [11, §1] on deformations of Barsotti–Tate groups. Let A be
a ring, N  1 an integer such that N kills A, and I an ideal in A satisfying Iμ+1 = 0 for a fixed
μ> 1. Let A0 = A/I .
Lemma 3.1.2 (Drinfeld). Let G and H be Barsotti–Tate groups over A.
(1) The groups HomA-gp(G,H) and HomA0-gp(G0,H0) have no non-trivial N -torsion.
(2) The natural map HomA-gp(G,H) → HomA0-gp(G0,H0) is injective.
(3) For any homomorphism f0 :G0 → H0, there is a unique homomorphism “Nμf ” :G → H
which lifts Nμf0.
(4) In order that a homomorphism f0 :G0 → H0 lift to a (necessarily unique) homomorphism
f :G → H , it is necessary and sufficient that the homomorphism “Nμf ” :G → H annihi-
late the subgroup G[Nμ] of G.
Proof. See [11, §1]. 
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Now let us refine Lemma 3.1.2 for our purposes.
Lemma 3.1.4. Keep the notations in Lemma 3.1.2 with N = pm and μ = 1. Choose an inte-
ger l  1. Let f0 :G0 → H0 be a morphism of Barsotti–Tate groups over A0. If there exists an
A-group morphism g :G[pm+l] → H [pm+l] such that g ⊗A A0 = f0|G0[pm+l ], then there exists
an A-morphism f :G → H such that f ⊗A A0 = f0 and f |G[pl ] = g|G[pl ]. Furthermore, if g
and f0 are isomorphisms, then f is an isomorphism.
Proof. Using Lemma 3.1.2 in our case, we first prove we can lift the morphism f0 to an
A-morphism. By Lemma 3.1.2(4), it is necessary that the lift of “pmf0” annihilates the sub-
group G[pm]. Let B be any A-algebra, B0 = B/IB and F = “pmf0”. By [11, §1], F is defined
in the following (using formal smoothness of H ):
G(B) − F − H(B)
G0(B0)
f0
H0(B0).
pm×anylifting
(3.1.1)
Since g ⊗A A0 = f0|G0[pm+l ], we have the following commutative diagram:
G[pm+l](B) g H [pm+l](B)
G0[pm+l](B0)
f0
H0[pm+l](B0)
(3.1.2)
where the columns are reduction modulo I . Now for all x ∈ G[pm](B), g(x) is a lift of
f0(x mod I ). Note that g(x) ∈ H [pm](B), so F(x) = pm(g(x)) = 0. Thus, F = “pmf0” kills
G[pm], so we can define f :G  G/G[pm] → H induced by F and thus f :G → H lifts f0
and pmf = F . Tracing the definition of F in (3.1.1) and (3.1.2), we get F |G[pm+l ] = pmg. Thus
f,g : G[pl]⇒ H [pl] have the same composite with the fppf map pm :G[pm+l] → G[pl], so
f |G[pl ] = g|G[pl ].
If f0 and g are isomorphisms, we can use f−10 and g−1 to construct an A-morphism of
Barsotti–Tate groups f˜ :H → G which lifts f−10 . We see that (f ◦ f˜ )⊗A A0 and (f˜ ◦f )⊗A A0
are identity maps. By Lemma 3.1.2(4), f ◦ f˜ and f˜ ◦ f have to be identity maps, so f is an
isomorphism. 
3.2. Application to descent
We use notations as in Theorem 1.0.3, so (G′, φ˜σ ) is an R′-Barsotti–Tate group equipped with
Γ -descent datum constructed from G⊗K K ′ over K ′ as in Introduction. As in Convention 2.2.12,
we will state results in the mixed characteristic case and use “(respectively)” to indicate the
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For any real number x, define 〈x〉 the maximal integer < x, so 〈x〉 = x − 1 if x ∈ Z. Put ν =
〈log2 e〉 + λ in the mixed characteristic case and ν = 〈log2 eˆ〉 + λ in the equi-characteristic case,
where eˆ is the relative ramification index e(K ′/K). For each n 1, let G′n = G′ ⊗R′ R′/pn and
ln = 3n + ν in the mixed characteristic case, and G′n = G′ ⊗R′ R′/πn and ln = 〈log2 n〉 + 1 + ν
in the equi-characteristic case. We will use Grothendieck’s theorem and the same argument of
Drinfeld to prove the following:
Theorem 3.2.1 (Deformation Lemma). If G′[pln ] has an effective descent to a truncated Barsotti–
Tate group H over R, then there exists a Barsotti–Tate group Gn over R/pn (respectively R/πn)
such that Gn is an effective descent for G′n.
Remark 3.2.2. We do not claim to identify with H with Gn[pln] as descents of G′n[pln].
Proof. Let G′0 = G′ ⊗R′ k be the closed fiber of G′ over k. Since R and R′ have the same residue
field, it is obvious that the closed fiber H0 = H ⊗R k is naturally isomorphic to G′0[pln]. By
Theorem 3.1.1, there exists a Barsotti–Tate group Gn over R/pn (respectively R/πn) such that
Gn is a deformation of G′0 over R/pn (respectively R/πn) and Hn = Gn[pln] as a deformation
of H0  G′0[pln], where Hn =H⊗R R/pn (respectively Hn =H⊗R R/πn). It now suffices to
prove:
Lemma 3.2.3. There exists an Γ -equivariant isomorphism f :G′n ∼−→ Gn ⊗R R′ as Barsotti–Tate
groups over R′ with f lifting the identification of G′0 with the closed fiber G0 of Gn.
For the proof of Lemma 3.2.3, first note that both G′n and Gn ⊗R R′ are deformations of G′0
over R′/pn (respectively R′/πn). Since Hn is an effective descent of G′n[pln] and Hn = Gn[pln]
as deformations of H0  G0[pln], there exists a Galois-equivariant isomorphism g :G′n[pln] ∼−→
(Gn ⊗R R′)[pln ] such that the isomorphism f0 :G′0 ∼−→ Gn ⊗R k agrees with g on pln -torsion
over k.
Now let us first discuss the proof for the case that R has mixed characteristic. Recall that
ln = 3n + ν = 3n + 〈log2 e〉 + λ in this case. Consider the following successive square-zero
thickenings, where m′ is the maximal ideal of R′:
k = R′/m′ ← R′/m′2 ← ·· · ← R′/m′2s ← R′/m′2s+1 ← ·· · ← R′/m′2〈log2 e〉 ← R′/pR′.
By Lemma 3.1.4 and induction on 1  s  〈log2 e〉 with N = p, there exists an isomorphism
f1 :G′1 ∼−→ G1 ⊗R/p R′/p such that f1|G′1[p3n+λ−1] = (g ⊗R′/pn R′/p)|G′1[p3n+λ−1].
Consider deformations of G′1 = G′n ⊗R′/pn R′/p along the following:
R′/p ← R′/p2 ← ·· · ← R′/p2s ← R′/p2s+1 ← ·· · ← R′/p2〈log2 n〉 ← R′/pn.
By induction on 1 s  〈log2 n〉 and Lemma 3.1.4 with N = p2s (N = pn in the last step), there
exists an isomorphism fn :G′n ∼−→ Gn ⊗R/pn R′/pn such that fn|G′n[p3n−1+λ−t ] = g|G′n[p3n−1+λ−t ],
where t = (∑〈log2 n〉 2i )+ n = 2〈log2 n〉+1 − 2 + n 3n− 1. Thus we have fn|G′ [pλ] = g|G′ [pλ].i=1 n n
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k = R′/m′ ← R′/m′2 ← ·· · ← R′/m′2s ← R′/m′2s+1 ← ·· · ← R′/m′2〈log2 e〉 ← R′/πR′
and deformations of G′1 = G′n ⊗R′/πn R′/π along
R′/π ← R′/π2 ← ·· · ← R′/π2s ← R′/π2s+1 ← ·· · ← R′/π2〈log2 n〉 ← R′/πn.
We also use Lemma 3.1.4 to do induction. The only difference from the mixed characteristic case
is that N is always p. Similarly, we get an isomorphism fn :G′n ∼−→ Gn ⊗R/πn R′/πn such that
fn|G′n[pλ] = g|G′n[pλ].
In both the mixed characteristic and equi-characteristic cases, let f = fn. It suffices to prove
that the R′-isomorphism of Barsotti–Tate groups f :G′n ∼−→ Gn ⊗R R′ is Galois equivariant. By
Lemma 2.1.7 and Lemma 3.1.2(2), it suffices to check f0 = (f0)σ on k-fibers. Note that ψ :σ →
f−10 ◦ (f0)σ define a cocycle in C1(Γ,AutR′(G′0)). But since R′ is totally ramified over R, the
Γ -action on k′ = k is trivial. Thus, ψ induces a representation Γ → Autk(G′0). Now from the
condition that f |G′n[pλ] = g|G′n[pλ] with g :G′n[pln ] → Gn[pln] ⊗R R′ a Γ -equivariant morphism
using the Γ -descent datum for G′n[pln], we see that f |G′0[pλ] is Galois-equivariant. Thus, via ψ
the action by Γ on G′0[pλ] is trivial. Now we can conclude that ψ is trivial via the following
lemma. 
Lemma 3.2.4. Let ψ ∈ Autk(G′0) be an automorphism of finite order. If ψ |G′0[pλ] is trivial (recall
λ = 1 for p > 2 and λ = 2 for p = 2), then ψ is trivial.
Proof. Passing to the finite order W(k)-linear automorphism D(ψ) of the Dieudonné module
D(G0) as a finite free W(k)-automorphism, the convergence property of p-adic logarithm on
GLW(k)(D(G0)) gives the result. 
4. Proof of the descent theorem
4.1. Messing’s theory on deformations of Barsotti–Tate groups
We now prepare to prove Theorem 1.0.3. Let us first recall some results from [14] on the
deformation theory of Barsotti–Tate groups.
Let S be an affine scheme on which p is nilpotent, so there exists an integer N > 0 such that
pN kills OS . Let G be a Barsotti–Tate group over S.
As an fppf abelian sheaf, there exists an extension
0 → V (G) → E(G) → G → 0 (4.1.1)
of G by a vector group V (G) (i.e., the group scheme represented by a quasi-coherent locally free
sheaf of finite rank). The extension is universal in the sense that for any extension 0 → M →
E → G → 0 of G by another vector group M there is a unique linear map V (G) φ−→ M such that
the extension is (uniquely) isomorphic to the pushout of (4.1.1) by φ.
In general, we can define a “Lie” functor from the category of group sheaves over S to the
category of vector group schemes over S (see [14, §2, Chapter 3]). Taking “Lie” of the universal
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over S is exact:
0 → V (G) → Lie(E(G))→ Lie(G) → 0.
For a scheme X, recall that its crystalline site Crys(X) consists of the category whose objects
are pairs (U ↪→ T ,γ ) where:
(1) U is an open sub-scheme of X,
(2) U ↪→ T is a locally nilpotent immersion,
(3) γ = (γn) are divided powers (locally nilpotent) on the ideal I of U in T .
A morphism from (U ↪→ T ,γ ) to (U ′ ↪→ T ′, δ) is a commutative diagram
U
f
T
f¯
U ′ T ′
such that U → U ′ is the inclusion and f¯ :T → T ′ is a morphism compatible with divided pow-
ers.
Remark 4.1.1. The crystalline site defined above is weaker that what Berthelot defined, but it
suffices to study the deformation theory of Barsotti–Tate groups in [14]. We always drop the
notation of divided powers γ from the pair (U ↪→ T ,γ ) if no confusion will arise.
Let I be a quasi-coherent ideal of OS endowed with locally nilpotent divided powers. Let S0
be Spec(OS/I), so (S0 ↪→ S) is an object of the crystalline site of S0. Let G0,H0 be Barsotti–Tate
groups over S0 and G, H respective deformations of G0, H0 over S. (Such deformations always
exist when S0 is affine, by Grothendieck’s Theorem (Theorem 3.1.1), because S is necessarily
affine when S0 is affine.) Let u0 :G0 →H0 be a morphism of Barsotti–Tate groups. By the con-
struction of universal extension (4.1.1), there exists natural morphism E(u0) :E(G0) → E(H0)
induced by u0. The following results are the technical heart of [14]:
Lemma 4.1.2. Keep notations as above.
(1) There exists a unique morphism E(u) :E(G) → E(H) which lifts E(u0).
(2) LetK be a third Barsotti–Tate group on S and u′0 :H0 →K0 a morphism. Then E(u′0 ◦u0) =
E(u′0) ◦E(u0).
Proof. See [14, Chapter IV, §2]. 
Corollary 4.1.3. Keep notations as above.
(1) If G =H and u0 = IdG0 , then E(u) = IdG ,
(2) If u0 is an isomorphism, so is E(u).
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that there exists a deformation G of G0 over S, let D(G0)S denote Lie(E(G)). By Lemma 4.1.2,
the OS -module D(G0)S does not depend on the choice of deformation of G0 in the sense that if
G1 and G2 are two deformations of G0 over S and E(u) :E(G1) → E(G2) is the unique isomor-
phism lifting the identification of E(G0) over S0, then Lie(E(u)) is a natural isomorphism from
Lie(E(G1)) to Lie(E(G2)). In this way, we glue the vector bundles Lie(E(G)) over open affines
in S (where deformations of G0 do exist!) to construct a crystal S → D(G0)S on S0 even in the
absence of global lifts.
An OS -submodule Fil1 ↪→ D(G0)S is said to be admissible if Fil1 is a locally-free vector
subgroup scheme over S with locally-free quotient such that it reduces to V (G0) ↪→ Lie(E(G0))
over S0.
Define a category C whose objects are pairs (G0,Fil1) with G0 a Barsotti–Tate group over S0
and Fil1 an admissible filtration on D(G0)S . Morphisms are defined as pairs (u0, ξ) where
u0 :G0 → G′0 morphism of Barsotti–Tate groups over S0 and ξ is morphism of OS -modules such
that the diagram
Fil1
ξ
D(G0)S
D(u0)S
Fil′1 D(G′0)S
commutes and over S0 reduces to
V (G0)
V (u0)
Lie(E(G0))
Lie(E(u0))
V (G′0) Lie(E(G′0)).
Theorem 4.1.4 (Messing). The functor G → (G0,V (G) ↪→ Lie(E(G))) establishes an equiva-
lence relation of categories:
Barsotti–Tate groups over S −→ C .
Proof. See [14, Chapter V, §1]. 
4.2. Proof of Theorem 1.0.3
Now we shall use the above theory to prove Theorem 1.0.3. Let us first construct the con-
stant c0. Recall the constants d and ln constructed in Proposition 2.3.1 and Theorem 3.2.1
respectively. Set c0 = ld in both the mixed characteristic case and the equi-characteristic case.
As in Convention 2.2.12, we will state the proof for the mixed characteristic case, and use “(re-
spectively)” to refer the corresponding result in the equi-characteristic case.
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k = R′/m′ R′/p R′/p2 · · · R′/pn R′/pn+1 · · ·
R/m R/p R/p2 · · · R/pn R/pn+1 · · · .
Respectively, in the equi-characteristic case, we consider the following diagram:
k = R′/m′ R′/π R′/π2 · · · R′/πn R′/πn+1 · · ·
R/m R/π R/π2 · · · R/πn R/πn+1 · · · .
For each n  1, let G′n = G′ ⊗R′ R′/pn (respectively G′n = G′ ⊗R′ R′/πn). We have universal
extensions on each level n:
0 → V (G′n)→ E(G′n)→ G′n → 0.
Using the “Lie” functor, we get an exact sequence of finite free R′/pn-modules (respectively
R′/πn-modules)
0 → V (G′n)→ Lie(E(G′n))→ Lie(G′n)→ 0.
Put N ′n = V (G′n), M ′n = Lie(E(G′n)), and L′n = Lie(G′n). For each n, we have an exact se-
quence
0 → N ′n → M ′n → L′n → 0. (S′n)
By the functorial construction of the universal extension (4.1.1), we see that N ′n, M ′n and L′n are
imbued with Γ -descent data coming from the generic fiber of G′ for all n. Furthermore, (S′n)
is a short exact sequence of Γ -descent modules and its formation is compatible with the base
changes R′/pn+1 → R′/pn (respectively R′/πn+1 → R′/πn).
Lemma 4.2.1. Under the hypothesis of Theorem 1.0.3, for each n  1 the exact sequence of
Γ -descent modules (S′n) has an effective descent
0 → Nn → Mn → Ln → 0 (Sn)
such that (Sn+1) ⊗R/pn+1 R/pn  (Sn) descending (S′n+1) ⊗R′/pn+1 R′/pn  (S′n) (respectively
(Sn+1)⊗R/πn+1 R/πn  (Sn) descending (S′n+1)⊗R′/πn+1 R′/πn  (S′n)).
Proof. Let N ′ = lim←−nN ′n, M ′ = lim←−nM ′n and L′ = lim←−nL′n. We get a short exact sequence of
Γ -descent modules:
0 → N ′ → M ′ → L′ → 0, (S′)
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suffices to prove that (S′) has an effective descent.
By the hypothesis of Theorem 1.0.3, G′[pc0] has an effective descent H. Since c0 = ld , by
Theorem 3.2.1 with n = d there exists a Barsotti–Tate group Gd over R/pd (respectively R/πd )
such that Gd is an effective descent of G′d . If we take the “Lie” functor of the crystals constructed
for G′d and Gd , we get an exact sequence of R/pd -modules (respectively R/πd -modules)
0 → N˜d → M˜d → L˜d → 0 (S˜d )
which is an effective descent of
0 → N ′d → M ′d → L′d → 0. (S′d )
By Proposition 2.3.1, we see that L′, M ′, and N ′ have effective descents to finite free R-modules
L, M and N respectively. By Corollary 2.2.8, (S′) has an effective descent to an exact sequence
of finite free R-modules
0 → N → M → L → 0.  (S)
Remark 4.2.2. We have to be very careful concerning the following technical point. As two
effective descents of (S′d), the sequences (S˜d) and (Sd) are not known to be isomorphic in the
sense that there exists an R-linear isomorphism of exact sequences f : (S˜d) → (Sd) such that the
following diagram commutes Γ -equivariantly
(S˜d)⊗R R′
f⊗Id
i˜
(S′d)
(Sd)⊗R R′
i
where i˜ and i are isomorphisms of exact sequences of Γ -descent modules. In fact, Example 2.2.3
shows that (S˜d) and (Sd) are not necessarily isomorphic. Fortunately, by Proposition 2.2.4, we
see that as effective descents of (S′d−r0) (respectively (S′d−r )),
(S˜d)⊗R R/pd−r0  (Sd)⊗R R/pd−r0
(respectively (S˜d)⊗R R/πd−r  (Sd)⊗R R/πd−r ).
Set m = d − r0  1 (respectively m = d − r  1). We shall consider deformations of Gm =
Gd ⊗R/pd R/pd−r0 (respectively Gm = Gd ⊗R/πd R/πd−r ) along
R/pm ←− R/p2m ←− · · · ←− R/psm ←− R/p(s+1)m ←− · · ·
(respectively R/πm ← R/π2m ← ·· · ← R/πsm ← R/π(s+1)m ← ·· ·).
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an effective descent to an R/psm- (respectively R/πsm-) Barsotti–Tate group Gsm and there are
unique isomorphisms G(s+1)m ⊗R R/psm  Gsm (respectively G(s+1)m ⊗R R/πsm  Gsm) that
descend the isomorphisms G′(s+1)m⊗R′ R′/psm  G′sm (respectively G′(s+1)m⊗R′ R′/πsm  G′sm).
Proof. We only prove the mixed characteristic case. In the equi-characteristic case the proof
works if we replace p with π everywhere.
Now let us prove the lemma with by induction on s. For s = 1, recall that in the proof of
Lemma 4.2.1, by the hypothesis of Theorems 1.0.3 and 3.2.1 with n = d we get an R/pd -
Barsotti–Tate group Gd which is an effective descent of G′d . Letting Gm = Gd ⊗R/pd R/pm settles
the case s = 1. For s = 2, considering the deformation problem for Gm along R/pm → R/p2m,
we need to construct a deformation G2m of Gm to R/p2m such that G2m satisfies the con-
ditions of Lemma 4.2.3. We claim that it is equivalent to construct an admissible filtration
Fil1 ↪→ D(Gm)R/p2m such that the following diagram commutes
Fil1 ⊗R R′
f 1
D(Gm)R/p2m ⊗R R′
f
V (G′2m) Lie(E(G′2m))
(4.2.1)
where f 1, f are Galois-equivariant isomorphisms and the diagram (4.2.1) lifts the following
commutative diagram
V (Gm)⊗R R′
f 10
Lie(E(Gm))⊗R R′
f0
V (G′m) Lie(E(G′m)).
(4.2.2)
To make notations easier, we denote the above diagrams (e.g., diagram (4.2.1)) in the follow-
ing way:
(
Fil1 ↪→ D(Gm)R/p2m
)⊗R R′ f−→∼ (V (G′2m) ↪→ Lie(E(G′2m))).
We use Messing’s Theorem (Theorem 4.1.4) to prove the above claim concerning the equivalence
of our deformation problem and the construction of (4.2.1). Suppose we can construct such an
admissible filtration as in (4.2.1). By Theorem 4.1.4, we have a Barsotti–Tate group G2m over
R/p2m which is a deformation of Gm such that(
Lie(G2m)
)
↪→ Lie(E(G2m)) (Fil1 ↪→ D(Gm)R/p2m).
Thus f induces an R′-isomorphism of Barsotti–Tate groups f˜ : G2m ⊗R R′  G′2m which lifts the
Galois-equivariant isomorphism f˜0 : Gm ⊗R R′  G′m. Now it suffices to check that f˜ is Galois
equivariant. By Lemma 2.1.7, we need to show that f˜−1 ◦ f˜σ = Id. Since f , f 1 are Galois
equivariant, f−1 ◦ fσ and (f 1)−1 ◦ f 1σ are identity maps. By Theorem 4.1.4 and the fact that the
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of the claim. The proof of the other direction is just reversing the above argument.
Now let us construct an admissible filtration as in the diagram (4.2.1). Recall that for each n,
we have an exact sequence of Γ -descent modules
0 → N ′n → M ′n → L′n → 0 (S′n)
where (N ′n ↪→ M ′n) is just (V (G′n) ↪→ Lie(E(G′n))). Over R/pm, by Remark 4.2.2, we do have
an isomorphism of effective descents of (N ′m ↪→ M ′m),
(Nm ↪→ Mm)  (V (Gm) ↪→ Lie
(
E(Gm)
)
.
Now choose a deformation G˜ over R/p2m for Gm (such deformation always exists, due to
Theorem 3.1.1). Let D(G˜)R/p2m = Lie(E(G˜)). From the functorial construction of the crystal
D(G˜)R/p2m , we have that D(G˜)R/p2m is a finite free R/p2m-module and D(G˜)R/p2m ⊗R/p2m
R/pm  Lie(E(Gm)). We claim that D(G˜)R/p2m is an effective descent for M ′2m = Lie(E(G′2m)).
Using Lemma 4.1.2 in our case, let
(S0 ↪→ S) =
(
Spec
(
R′/pm
)
↪→ Spec(R′/p2m)),
G0 = Gm ⊗R/pm R′/pm, H0 = G′m, G = G˜ ⊗R/p2m R′/p2m, H= G′2m.
We will prove the claim by showing that E(G˜) is an effective descent of E(G′2m). Since Gm is an
effective descent of G′m, there exists an Γ -equivariant morphism
f0 :Gm ⊗R/pm R′/pm ∼−→ G′m.
Corollary 4.1.3(2) shows that there exists a unique isomorphism
E(f0) :E(G˜)⊗R/p2m R′/p2m ∼−→ E
(G′2m)
which lifts f0. Now it suffices to check E(f0) is Γ -equivariant. By Lemma 2.1.7, we need to
check E(f0)−1 ◦ E(f0)σ = Id. But this is clear by Corollary 4.1.3(1) and the fact that f0−1 ◦
(f0)σ = Id.
As finite free R/p2m-modules, D(G˜)R/p2m has the same rank as M2m. Now select an R/p2m-
module isomorphism f between D(G˜)R/p2m and M2m such that f is the lift of isomorphism
D(G˜)R/p2m ⊗R/p2m R/pm  Mm. There exists a finite free submodule Fil1 of D(G˜)R/p2m such
that the following diagram commutes
D(G˜)R/p2m
f
∼ M2m
Fil1
f 1
∼ N2m
(4.2.3)
where f 1 is the restriction of f on Fil1.
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free R/p2m-module. By Lemma 4.2.1 and the diagram (4.2.3), this admissible filtration is just
what we need in the diagram (4.2.1). Therefore, we are done in the case s = 2. Note that above
construction gives an isomorphism
(
V (G2m) ↪→ Lie
(
E(G2m)
)) (N2m ↪→ M2m)
as effective descents of N ′2m ↪→ M ′2m, so we can continue our steps for s = 3 and then for any
positive integers. 
Finally, by Lemma 4.2.3, defining G = lim−→s Gs , we see that G is an effective descent for G′.
Thus, we have proved Theorem 1.0.3.
5. Extensions of generic fibers for finite flat group schemes
5.1. Proof of the Main Theorem
In this chapter, we assume that R is a complete discrete valuation ring of mixed charac-
teristic (0,p) with perfect residue field. We will generalize Tate’s isogeny theorem [18] and
Raynaud’s results (Proposition 2.3.1 in [15]) to finite level. First let us show how Theorem 1.0.5
and Proposition 1.0.6 imply the Main Theorem. Then we will prepare to prove Theorem 1.0.5
and Proposition 1.0.6.
Proof of the Main Theorem. Applying Theorem 1.0.5 and Proposition 1.0.6 to R′ and G′ =
G⊗K K ′, we get constants c1 and c2 which depend on e(K ′/Qp) and the height of G (note that
heights of G and G′ are the same). Set c = c1 + c2 + c0  2. Suppose that G[pc] can be extended
to a finite flat group scheme Gc . By Proposition 1.0.6, G[pc1+c0] can be extended to a truncated
Barsotti–Tate group Gc1+c0 . Note that we have f : Gc1+c0 ⊗R K ′  G′[pc1+c0 ] ⊗R′ K ′ Galois-
equivariantly. By Theorem 1.0.5, pc1f can be extended an R′-group scheme morphism F ′.
Note that F ′ kills the generic fiber of Gc1+c0 [pc1] ⊗R R′. Since Gc1+c0 [pc1] is flat, F ′ kills
Gc1+c0[pc1] ⊗R R′. Also, it is easy to see that F ′ factors though G′[pc0]. Thus, F ′ induces a
morphism F :Gc1+c0 [pc0] ⊗R R′ → G′[pc0], and F ⊗R′ K ′ = f |Gc1+c0 [pc0 ] is an isomorphism.
Since f is Galois-equivariant and all group schemes here are R′-flat, any morphism extending
f has to be unique. Therefore, F is Galois-equivariant. Using the same argument for f−1, we
see that there exists a morphism
F−1 :G′[pc0]→ Gc1+c0[pc0]⊗R R′.
Thus, Gc1+c0[pc0] is an effective descent of G′[pc0]. The Main Theorem then follows by the
Descent Theorem (Theorem 1.0.3). 
5.2. Dimension of truncated Barsotti–Tate groups
We will basically follow the similar ideas of Tate and Raynaud to prove our theorem. So we
first give an “ad hoc” definition of the dimension for truncated Barsotti–Tate groups and then
show that the dimension of truncated Barsotti–Tate groups can read off from the generic fiber if
the level is big enough. Just like the case of Barsotti–Tate groups, this fact is crucial to extend the
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group schemes (truncated Barsotti–Tate group) defined over the same base ring, from now on,
we fix our base ring R which is a complete discrete valuation ring of mixed characteristic (0,p)
with perfect residue field and we assume that the absolute ramification index e = e(K/Qp) is
at least p − 1. We made such assumption because by Raynaud’s Theorem in [15], if e < p − 1,
Theorem 1.0.5 and Theorem 1.0.6 automatically works for c1 = c2 = 0. If G is a scheme over R,
let GK denote the generic fiber of G and same notations applies for the morphism of R-schemes.
For a finite flat group scheme G over R, let disc(G) denote the discriminant ideal of G and |G|
denote the order of G. Finally, let f :G → H be a morphism of R-group schemes, we call f is
a generic isomorphism if fK = f ⊗R K is an K-isomorphism.
Now let us introduce an invariant of truncated Barsotti–Tate groups, the dimension. Given a
truncated Barsotti–Tate groups G over R, let Gk = G⊗R k be its closed fiber, G(p)k = Gk ⊗k,φ k,
where φ is Frobenius. There exists a canonical k-group scheme morphism (relative Frobenius)
F :Gk → G(p)k which kernel is finite flat k-group scheme and Ker(F ) ↪→ G[p] is a closed im-
mersion.
Definition 5.2.1. The dimension of G is logp |Ker(F )|. We write dim(G) or d(G) to denote it.
Let us “justify” Definition 5.2.1 by checking compatibility with the definition of dimension
for Barsotti–Tate groups. By Grothendieck’s Theorem in [17], for any truncated Barsotti–Tate
group G over R of level n, there exists a Barsotti–Tate group G such that G = G[pn]. We also
have dim(G) = logp |Ker(F )| where F :Gk → G(p)k is the relative Frobenius on Gk , so dim(G) =
dim(G).
The following proposition show that if level n is big enough, the generic fiber of truncated
Barsotti–Tate group will decide the dimension. For any x is a real number, recall that [x] =
Max{m | m is an integer such that m x} and x = Min{m | m is an integer such that m x}.
Proposition 5.2.2. Let G and H be two truncated Barsotti–Tate group of level n over R which
have the same generic fiber. There exists r2  2 depending only on e and height h such that if
n r2 then d(G) = d(H).
Proof. It suffices to prove the proposition on the strictly henselization of R. So we can assume
that k is algebraically closed. From Grothendieck’s Theorem in [17], there exist Barsotti–Tate
groups G and H such that G = G[pn] and H = H[pn]. In [15], Raynaud proved that as one
dimensional Galois module det(Tp(G))  d , where  is the cyclotomic character, Tp(G) is the
Tate module of G and d = dim(G). Since generic fibers of G and H are the same, we have
d(G) = det(Tp(G))≡ det(Tp(H))= d(H) mod (pn).
Let λ be the maximal integer such that Qp(ζpλ) ⊆ K , where ζpλ is pλth root of unity. Then
there exists a σ ∈ Gal(K/K) such that (σ ) = 1 + pλu, where u is a unit in Zp . Consider the
action of σ on the congruence relation above, we get
(
1 + pλu)d(G) ≡ (1 + pλu)d(H) mod (pn).
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[logp( ep−1 )] + 1. Set r2 = logp h + [logp( ep−1 )] + 1. we have
d(G) ≡ d(H) mod (p(n−λ))≡ (plogp h).
By Proposition 6.2.8 in [5], we know that d(G), d(H) h, so d(G) = d(H). 
From above proposition and using the same argument of Tate (Proposition 6.2.12, [5] or [18]),
for truncated Barsotti–Tate groups G of level n, disc(G) = pdnpnh for n  r2, where d is the
dimension of G. Thus we have following corollary:
Corollary 5.2.3. Let f :G → H be a morphism of truncated Barsotti–Tate groups of level
with fK an isomorphism. If n r2 then f is an isomorphism.
The following lemma is a useful fact on the scheme-theoretic closure of group schemes.
Lemma 5.2.4. Let f :G → H be a morphism of finite flat group schemes over R, G(1)K , H(1)K
be K-subgroup schemes of GK , HK respectively. Let G(1) and H(1) be the scheme-theoretic
closures of G(1)K , H(1)K in G and H respectively. Suppose that f ⊗R K|G(1)K factor through H
(1)
K .
Then f |G(1) factors through H(1).
Proof. Let G′ = G ×f,H,i H (1), where i :H(1) ↪→ H be the closed immersion. We see that G′
is a closed subgroup scheme of G. It suffices to show that the generic fiber of G′ contains G(1)K .
Since fK |G(1)K factor through H
(1)
K , this is clear. 
Corollary 5.2.5. Notations as above, let Gi , Hi be scheme-theoretic closures of GK [pi], HK [pi]
in G, H respectively, then f |Gi factors through Hi .
5.3. Proof of Proposition 1.0.6 and Theorem 1.0.5
Now we are ready to prove Proposition 1.0.6 and Theorem 1.0.5. First we need to bound
discriminants of finite flat group schemes of type (p, . . . ,p) in terms of heights and the absolute
ramification index e(K/Qp).
Let G be a finite flat group scheme over R killed by p. If |G| = ph, we define h be the height
of G. Note that if G is a Barsotti–Tate group (or a truncated Barsotti–Tate group) with height h.
Then G[p] will has height h as a finite flat group scheme killed by p. Recall that disc(G) denote
the discriminant ideal of G.
Lemma 5.3.1. With notations as above, disc(G) = (a)ph , where a ∈ R and a | ph.
Proof. Let 0 → G1 → G2 → G3 → 0 be an exact sequence of finite flat group schemes. By
Lemma 6.2.9 [5], we have
disc(G2) = disc(G1)|G3| disc(G3)|G1|. (5.3.1)
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see that disc(G) = disc(G0)|Gét|. Thus, we reduce the problem to the case that G is connected.
Now since G is connected, by Theorem 3.1.1 in [1] there exists an isogney f between formal
groups G, G′ such that
0 −→ G −→ G f−→G′ −→ 0
is exact. By Corollary 4.3.10 in [5], disc(G) = NOG/f ∗OG′ (a), where OG and OG′ are formal
Hopf algebras of G and G′ respectively; (a) is the principal ideal in OG′ for the annihilator of
cokernel f ∗(ΩnG′) → ΩnG and NOG/f ∗OG′ (·) is the norm.
Let d be the common dimension of G and G′. By Theorem 3.2.1 in [5], we can choose
basis of invariant differentials w′1, . . . ,w′d and w1, . . . ,wd on G′ and G respectively. Since f
is an isogeny, for each i = 1, . . . , d , f ∗(w′i ) is an invariant differential on G, thus f ∗(w′i ) =∑d
j=1 aijwj for aij ∈ R. Define a = det(aij ) ∈ R, so disc(G) = NOG/f ∗OG′ (a) = (a)p
h
.
Now let us show that a|ph. First let us reduce the problem to the case that the generic fiber
of G is simple. In fact, suppose G′K is a nontrivial subgroup of GK , let G′ be the scheme-theoretic
closure of G′K in G. We get an exact sequence of finite flat group schemes
0 → G′ → G → G′′ → 0.
Then by formula (5.3.1), we reduce the problem to the case which the generic fiber G is simple.
In general, if G′ → G is a morphism of R-finite flat group schemes that is an isomorphism
on K-fibers, we have disc(G)|disc(G′). Thus, if we fix the generic fiber GK of G it suffices to
prove a|ph for the minimal model Gmin of GK in the sense of Raynaud. If GK is simple, then
by [15] such a minimal model is an F-group scheme of rank 1 for some finite field F. Since there
is a connected model of G, clearly Gmin must be connected. Thus it suffices to prove that a|ph
where G is a connected F-group scheme of rank 1.
If we normalize the valuation by putting v(p) = e, according to Theorem 1.4.1 in [15] the
Hopf algebra OG of a connected F-group scheme has the following shape:
RX1, . . . ,Xh/
(
X
p
i − δiXi+1, i = 1, . . . , h
)
where δi ∈ R satisfies 1 v(δi) e for each i = 1, . . . , h.
Using Theorem 4.3.9 in [5], the different of OG is the ideal of RX1, . . . ,Xh generated by
det( ∂(X
p
i −δiXi+1)
∂Xi
). However,
det
(
∂(X
p
i − δiXi+1)
∂Xi
)
=
∣∣∣∣∣∣∣∣
pX
p−1
1 −δ1 · · · 0
0 pXp−12 . . . 0· · ·
−δh · · · pXp−1h
∣∣∣∣∣∣∣∣
= ph
h∏
i=1
X
p−1
i −
h∏
i=1
δi,
so
disc(G) = NOG/R
(
ph
h∏
X
p−1
i −
h∏
δi
)
.i=1 i=1
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R-basis of OG given by {∏hi=1 Xnii , 0 ni  p − 1} then for any ∏hi=1 Xnii with some ni > 0
we have the following equality in OG:(
h∏
i=1
X
ni
i
)
·
(
ph
h∏
i=1
X
p−1
i −
h∏
i=1
δi
)
= (ph − 1) h∏
i=1
δi
(
h∏
i=1
X
ni
i
)
.
Thus, disc(G) = (−(ph − 1)ph−1(δ1 · · · δh)ph). Finally, since v(δi)  e for each i we have
disc(G) = (δ1 · · · δh)ph and δ1 · · · δh | ph. 
Proof of Proposition 1.0.6. For each 1  i  n, let Gi be the scheme theoretic closure
of GK [pi] in G, so Gi is a closed subgroup scheme of Gi+1.
By Corollary 5.2.5, we see that pm induces a morphism Gi+m → Gi . Furthermore, pm
induces morphisms ψm,i,l :Gi+m+l/Gi+m → Gi+l/Gi which are generic isomorphisms. There-
fore, if Di is the affine algebra of Gi+1/Gi , then for each i, ψ1,1,i :Di → Di+1 induces an
isomorphism Di ⊗ K  Di+1 ⊗ K . If A denotes the common affine algebra of the (Di ⊗ K)’s,
then we see by flatness that Di → A is injective, so we can identify Di with its image in A.
This gives a compatible system of injections Di ↪→ Di+1. Therefore, we see that Di is an in-
creasing sequence of finitely generated R-submodules of the finite étale K-algebra A. Since
Di ⊂ Di+1 inside A, we have disc(Di+1) | disc(Di) . . . | disc(D1). By Lemma 5.2.2, we see
that disc(Di) = (ai)ph and ai+1 | ai | ph for each 1 i  n. Thus, the number of total possible
distinct Di is at most eh.
Set r1 = r2(eh)+ 1. If n r1, then there exists i0 such that
Di0 = Di0+1 = · · · = Di0+s and s  r2. (5.3.2)
Let Γm = Gi0+m/Gi0,m = 1, . . . , s. We claim that (Γm) is a truncated Barsotti–Tate group of
level s.
In fact, the closed immersions Gi ↪→ Gi+1 induce closed immersions im :Γm ↪→ Γm+1. Since
(Γm)K  (GK)[pm], (Γm) is a generic truncated Barsotti–Tate group of level s. Thus, all we have
to check is that im identifies Γm with Γm+1[pm] for all m = 0, . . . , s − 1. Consider the diagram
Γm+1 Gi0+m+1/Gi0
pm
α
Gi0+m+1/Gi0 Γm+1
Gi0+m+1/Gi0+m
β
Gi0+1/Gi0,
γ (5.3.3)
where α is the canonical projection, β is the map induced by pm, and γ is the canonical closed
immersion. Checking on the generic fiber, we see that (5.3.3) commutes over R. On the other
hand, by our choice of i0 we see that β is an isomorphism, and therefore ker[pm] = kerα, which
is nothing more than Γm. This proves the claim that (Γm) is a truncated Barsotti–Tate group of
level s.
Let I be the set of indices {i | Di = Di+1 = · · · = Di+si , si  r2}, i′′ and i′ the maximal
and minimal elements of I respectively. Let Γ ′′m = Gi′′+m/Gi′′ , for m = 0, . . . , r2 and Γ ′m =
Gi′+m/Gi′ , for m = 0, . . . , r2. We see that (Γ ′′m) and (Γ ′m) are truncated Barsotti–Tate groups
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′′−i′ induces a generic isomorphism Γ ′′m → Γ ′m, from Proposition 5.2.2
we have d(Γ ′′) = d(Γ ′) = d , so Di′′ = Di′ = pdph . Thus, we have
Di′ = Di′+1 = · · · = Di′′ = · · · = Di′′+si′′ . (5.3.4)
We claim that there are at least n − r1 + r2 + 1 terms Di in (5.3.4). In fact, the size of set
of indices I ′ = {i | i < i′ or i > i′′ + r2} cannot be larger than (eh − 1)r2 because otherwise,
since we have at most eh many possible distinct Di , there would exist a chain Di = Di+1 =
· · · = Di+r2 with {i, . . . , i + r2} ⊂ I ′, contradicting the definition of i′ and i′′. Thus, there are
at least n − (eh − 1)r2 = n − r1 + r2 + 1 terms Di in (5.3.4). Now set n1 = n − r1 + r2. Let
G′m = Gi′+m/Gi′ , for m = 0, . . . , n1. Repeating the proof above, we see that (G′m) is a truncated
Barsotti–Tate group of level n1 whose generic fiber is GK [pn1].
Set G′ = Gi′+n1/Gi′ . We see that pi
′ induces a generic isomorphism g˜ :G′ → Gn1 . Let g′ be
the composite of g˜ and the closed immersion Gn1 ↪→ G. We see that g′K factors though GK [pn1],
and g′K :G′ → GK [pn1] is an isomorphism.
By Corollary 5.2.5, pr1−r2−i′ :G → G factors through Gi′+n1 , so composing with the natural
projection Gi′+n1 → Gi′+n1/Gi′ = G′ gives a morphism g :G → G′ such that g⊗R K = pr1−r2 .
Finally, set c2 = r1 − r2. The above proof settles the case n r1. For the case r1  n c2, let
us return to (5.3.2). Since r2  n− c2, it is easy to see that there exists i0 such that
Di0 = Di0+1 = · · · = Di0+s and s  n− c2.
Let Γm = Gi0+m/Gi0 for m = 1, . . . , n− c2. We see that (Γm) is a truncated Barsotti–Tate group
of level n− c2. The rest of proof is the same as of the case n r1. 
Proof of Theorem 1.0.6. Set c1 = r1. Let M be the graph of f in GK × HK , i.e., the scheme-
theoretic image of 1 × f :GK → GK × HK . It is obvious that M is a truncated Barsotti–Tate
group over K of level n. Using the natural projections of GK × HK to GK and HK , we have
natural K-group scheme morphisms p1 :M → GK and p2 :M → HK . Obviously, p1 is an iso-
morphism and p2 ◦ p1−1 = f .
For each 1  i  n, let Ei be the scheme-theoretic closure of M[pi] in G ×R H . From §2,
[15], we see that Ei ↪→ Ei+1 is a closed immersion and Ei is a closed subgroup scheme of
G ×R H . We therefore have morphisms of R-group schemes pˆ1 :En → G and pˆ2 :En → H
which extend morphisms p1 :M → GK and p2 :M → HK of generic fibers. Because n  r1,
from Proposition 1.0.6 we see that there exists a truncated Barsotti–Tate group E′ of level n1 =
n − r1 + r2 and a morphism g′ :E′ → En such that g′K :E′ → (En)K [pn1] is an isomorphism,
so pˆ1 ◦ g′ :E′ → G[pn1] is an isomorphism on generic fibers. By Corollary 5.2.3, since n1 =
n− r1 + r2  r2 we see that pˆ1 ◦g′ is an isomorphism. Finally, set F = pˆ2 ◦g′ ◦ (pˆ1 ◦g′)−1 ◦pc2 .
We are done. 
6. Application to abelian varieties
6.1. Proof of Theorem 1.0.2
In this chapter, we assume that R is a complete discrete valuation ring of mixed characteristic
(0,p) with perfect residue field, and K is the fraction field. Let A be an abelian variety defined
over K with dimension g. Suppose A has potentially good reduction. For example, A can be
184 T. Liu / Journal of Number Theory 126 (2007) 155–184taken to be an abelian variety with complex multiplication [16, §3]. Theorem 1.0.2 follows from
the Main Theorem and the following lemma.
Lemma 6.1.1. Suppose A is an abelian variety over K of dimension g with potentially good
reduction. There exists a constant c3 which depends only on g such that there exists a finite
Galois extension K ′ of K with [K ′ : K] c3 and A acquires good reduction over K ′.
Proof. Choose a prime l ∈ {3,5} with l = p. Let ρl : Gal(Ks/K) → Aut(Tl(A)) be the Galois
representation. From [16, §1], we know that A has potentially good reduction over K if and
only if Im(ρl) in Aut(Tl(A)) is finite. Since Id + lMat2g(Zl ) has no torsion as multiplicative
group, we see that Id+ lMat2g(Zl ) meets the finite image of ρl trivially. Thus ρ¯l : Gal(Ks/K) →
Mat2g(Z/lZ) is injective. Therefore, the size of Im(ρl) is bounded by the size of Mat2g(Z/lZ)
which is l4g2 . Let K ′ be the fixed field by Ker(ρl), so A acquires good reduction over K ′ with
[K ′ : K] = l4g2 . Finally, we can put c3 = Max{34g2,54g2 }. 
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